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GAMBAUDO–GHYS CONSTRUCTION ON BOUNDED
COHOMOLOGY
MITSUAKI KIMURA
Abstract. We consider a generalized Gambaudo–Ghys construction on bounded
cohomology and prove its injectivity. As a corollary, we prove that the third
bounded cohomology of the group of area-preserving diffeomorphisms on the
2-disc is infinite-dimensional. We also prove similar results for the case of the
2-sphere and the 2-torus.
1. Introduction
Let D2 denote the 2-disc with the (normalized) standard area form Ω and
DiffΩ(D
2, ∂D2) denote the group of area-preserving diffeomorphisms on D2 which
fix the boundary ∂D2. In [6], Gambaudo and Ghys constructed a linear map
Γ: Q(Pm) → Q(DiffΩ(D2, ∂D2)), where Q(G) denotes the space of homogenous
quasimorphisms on a group G and Pm denotes the pure braid group on m strands.
LetBm be the braid group onm strands and i : Pm → Bm be the standard inclusion.
Ishida [9] proved that the composition map Γ ◦ i∗ : Q(Bm)→ Q(DiffΩ(D2, ∂D2)) is
injective. He also proved that the induced map EH2b (Bm)→ EH2b (DiffΩ(D2, ∂D2))
from Γ◦ i∗ is also injective, where EHnb (G) denotes the exact bounded cohomology
of G. We only consider real coefficients as coefficients for cohomology. See Section
2.1 for the definitions on (bounded) cohomology of groups. In this paper, we gen-
eralize Ishida’s result to higher dimensional bounded cohomology for the case of
three strands. We define a map EΓb : EH
n
b (Pm)→ EH
n
b (DiffΩ(D
2, ∂D2)) which is
a generalization of Gambaudo–Ghys’ construction and prove the following theorem.
Theorem 1.1. The composition map EΓb◦i∗ : EHnb (B3)→ EH
n
b (DiffΩ(D
2, ∂D2))
is injective. Equivalently, the restriction map EΓb : EH
n
b (P3)
B3 → EHnb (DiffΩ(D2, ∂D2))
is injective.
Here EH
n
b (G) denotes the reduced exact bounded cohomology ofG and EH
n
b (P3)
B3
denotes the subspace of EH
n
b (P3) which is invariant under the conjugation of B3.
Note that EH2b (G) = EH
2
b(G), i.e., the natural semi-norm on H
2
b (G) is a genuine
norm [10, 11]. As a corollary, we obtain the following result.
Corollary 1.2. The dimension of EH
3
b(DiffΩ(D
2, ∂D2)) is uncountably infinite.
There is few results on the third bounded cohomology [5, 13]. Recently, Branden-
bursky and Marcinkowski [3] proved that EH
3
b(DiffΩ(M)) is uncountably infinite-
dimensional for a complete Riemannian manifold M with a volume form Ω with a
certain condition on pi1(M). Corollary 1.2 does not covered by their result since
pi1(D
2) is trivial.
We also prove similar results for the sphere and the torus. Let Σ be S2 or T 2 with
the (normalized) standard area form Ω. Let Bm(Σ) and Pm(Σ) denote the braid
1
ar
X
iv
:2
00
9.
00
12
4v
1 
 [m
ath
.G
T]
  3
1 A
ug
 20
20
2 MITSUAKI KIMURA
group and the pure braid group on a surface Σ. Let DiffΩ(Σ)0 denote the group
of area-preserving diffeomorphisms on Σ which are isotopic to the identity. Since
DiffΩ(Σ)0 is not contractible, we define the map EΓ
Z
b : EH
n
b (Pm(Σ)/Z(Pm(Σ)))→
EH
n
b (DiffΩ(Σ)0) instead of on EH
n
b (Pm(Σ)). Let i
Z : Pm(Σ)/(Z(Pm(Σ)))→ Bm(Σ)/(Z(Bm(Σ)))
denote the map induced by the standard inclusion i : Pm(Σ)→ Bm(Σ).
Theorem 1.3. The maps EΓ
Z
b ◦(iZ)∗ : EH
n
b (B4(S
2)/Z(B4(S
2)))→ EHnb (DiffΩ(S2)0)
and EΓ
Z
b ◦ (iZ)∗ : EH
n
b (B2(T
2)/Z(B2(T
2)))→ EHnb (DiffΩ(T 2)0) are injective.
For the sphere case, Ishida [9] proved a similar result of Theorem 1.3 for n = 2
not only for four strands but also for m strands (m ≥ 4). For the torus case,
Brandenbursky, Ke¸dra and Shelukhin [2] proved Theorem 1.3 for n = 2. As in the
case of the disc, we obtain the following.
Corollary 1.4. The dimension of EH
3
b(DiffΩ(S
2)0) and EH
3
b(DiffΩ(T
2)0) are un-
countably infinite.
We remark that Corollary 1.4 also does not covered by the result of Branden-
bursky and Marcinkowski. On the other hand, their result covers the case of surfaces
with genus larger than one. Therefore, in some sence, our results and theirs are
complementary to each other.
2. Preliminary
2.1. Bounded cohomology. We review the definitions on bounded cohomology.
Let G be a group. A (homogeneous) n-cochain on G is a function c : Gn+1 → R such
that c(g0h, . . . , gnh) = c(g0, . . . , gn) for any g0, . . . , gn, h ∈ G. Let Cn(G) denote
the set of homogeneous n-cochains. We define the coboundary map δ : Cn−1(G)→
Cn(G) by
δc(g0, . . . , gn) =
n∑
i=0
(−1)ic(g0, . . . , ĝi, . . . , gn)
for c ∈ Cn−1(G). The cochain complex (C•(G), δ) defines the group cohomology
H•(G) of G. For a cochain c ∈ Cn(G), we define ‖c‖∞ ∈ [0,∞] by
‖c‖∞ = sup
g0,...,gn∈G
|c(g0, . . . , gn)|.
We say that a cochain c ∈ Cn(G) is bounded if ‖c‖∞ <∞. Let Cnb (G) denote the
set of bounded n-cochains. The cochain complex (C•b (G), δ) defines the bounded
cohomology H•b (G) of G. The inclusion C
n
b (G) → Cn(G) defines the comparison
map Hnb (G) → Hn(G). The kernel of the comparison map Hnb (G) → Hn(G) is
called the exact bounded cohomology and denoted by EHnb (G). For a cohomology
class u ∈ Hnb (G), define the norm ‖u‖ of u by
‖u‖ = inf
[c]=u
‖c‖∞.
This norm ‖ · ‖ defines a semi-norm on Hnb (G). The quotient space of EHnb (G) by
its norm zero subspace is called the reduced exact bounded cohomology and denoted
by EH
n
b (G).
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2.2. Gambaudo–Ghys’ construction. We define a generalized Gambaudo–Ghys
construction. See [3, 6, 9] for more details. Let M be a manifold. Let Xm(M)
denote the configuration space of m points in a manifold M , i.e.,
Xn(M) = {(x1, . . . , xm) ∈Mm | xi 6= xj if i 6= j}.
Note that Xm(M) is a codimension 0 submanifold of M
m. The fundamental group
ofXm(M) is called the pure braid group on m strands onM and denoted by Pm(M).
Let Sm denote the symmetric group of m symbols. We consider the action of Sm
on Xm(M) by the permutation. The fundamental group of Xm(M)/Sm is called
the braid group on m strands on M and denoted by Bm(M). There exists a short
exact sequence
1→ Pm(M)→ Bm(M)→ Sm → 1.
Note that Bm(D
2) is the ordinary Artin braid group Bm and Pm(D
2) is the pure
braid group Pm.
Set GD = DiffΩ(D2, ∂D2) and fix a base point z¯ = (z1, . . . , zn) ∈ Xn(M). For
every g ∈ GD and almost every x¯ = (x1, . . . , xm) ∈ Xm(D2), we define a pure braid
γ(g, x¯) ∈ Pn as follows. We take an isotopy {gt}0≤t≤1 of g such that g0 = idD2 and
g1 = g. We define a loop l({gt}, x¯) : [0, 1]→ Xm(D2) in Xm(D2) as follows.
l({gt}, x¯)(t) =

{(1− 3t)zi + 3txi}i=1,...,m (0 ≤ t ≤ 1/3)
{g3t−1(xi)}i=1,...,m (1/3 ≤ t ≤ 2/3)
{(3− 3t)xi + (3t− 2)zi}i=1,...,m (2/3 ≤ t ≤ 1)
We define γ(g, x¯) as an element of pi1(Xm(D
2), z¯) represented by the loop l({gt}, x¯).
The above definition of γ(g, x¯) does not depend on the choice of an isotopy {gt}0≤t≤1
since GD is contractible.
For c ∈ Cn(Pm), we define Γ̂(c) ∈ Cn(GD) by
Γ̂(c)(g0, . . . , gn) =
∫
x¯∈Xm(D2)
c(γ(g0, x¯), . . . , γ(gn, x¯))dx1 . . . dxm
for g0, . . . , gn ∈ GD. For a fixed isotopy {gt}0≤t≤1 of g ∈ GD, the length of the
loop l({gt}, x¯) is uniformly bounded not depending on x¯. Then the word length of
γ(g, x¯) is bounded by S˘varc–Milnor lemma. Thus the map γ(g, ·) : Xm(D2)→ Pm
has finite image and the map c(. . . , γ(gi, ·), . . . ) : Xm(D2) → R is integrable. The
cochain Γ̂(c) is homogenous since γ(gh, x¯) = γ(g, x¯)γ(h, g · x¯) for g, h ∈ GD. The
map Γ̂ : Cn(Pm)→ Cn(GD) induce the map Γ: Hn(Pm)→ Hn(GD). If c ∈ Cnb (Pm)
is a bounded cochain, then Γ̂(c) is also a bounded cochain. Hence Γ̂ defines the
map Γ̂b : C
n
b (Pm) → Cnb (GD) and it induces Γb : Hnb (Pm) → Hnb (GD). The maps
EΓb : EH
n
b (Pm)→ EHnb (GD) and EΓb : EH
n
b (Pm)→ EH
n
b (GD) are also induced.
3. Main result
In this section, we prove Theorem 1.1. To prove this, we use the following key
lemma.
Lemma 3.1. There exist a famlly of homomorphism {ρ : P3 → GD}0<<1 and a
constant Λ > 0 such that
lim
→+0
‖ρ∗ (EΓb ◦ i∗(u))− Λ · i∗(u)‖ = 0
for any u ∈ EHnb (B3).
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Before we prove Lemma 3.1, we give a proof of Theorem 1.1 from Lemma 3.1.
Proof of Theorem 1.1. Since there is an exact sequence 1 → P3 → B3 → S3 → 1
andS3 is amenable, the inclusion i : P3 → B3 induces an isomorphism i∗ : Hnb (B3)→
Hnb (P3)
B3 [7]. Since P3 is a finite index normal subgroup of B3, the map i also
induces an isomorphism i∗ : Hn(B3) → Hn(P3)B3 (see [4, Proposition 10.4] for
example). Thus i induces an isomorphism i∗ : EH
n
b (B3)→ EH
n
b (P3)
B3 . In partic-
ular, i∗ : EH
n
b (B3)→ EH
n
b (P3) is injective.
Let u ∈ EHnb (B3) be a non-trivial class. It means that ‖u‖ > 0 and ‖i∗(u)‖ > 0
since i∗ is injective. By Lemma 3.1, ‖EΓb ◦ i∗(u)‖ > 0 and it means that EΓb ◦ i∗
is injective. This argument also states that the restriction map Γb : EH
n
b (P3)
B3 →
EH
n
b (GD) is also injective. 
Corollary 1.2 follows from Theorem 1.1 as follows.
Proof of Corollary 1.2. The dimension of EH
3
b(B3/Z(B3)) is uncountably infinite
sinceB3/Z(B3) ∼= PSL(2,Z) is non-elementary hyperbolic and EH3b(G) is uncount-
ably infinite-dimensional if G is non-elementary hyperbolic [5]. The quotient map
B3 → B3/Z(B3) induces isomorphism Hnb (B3)→ Hnb (B3/Z(B3)) since its kernel is
amenable. Thus EH
3
b(B3) is also uncountably infinite-dimensional since the dimen-
sion of EH
3
b(B3) differs from one of EH
3
b(B3/Z(B3)) at most finite. Therefore, by
Theorem 1.1, EH
3
b(DiffΩ(D
2, ∂D2)) is also uncountably infinite-dimensional. 
Now we prove the key lemma. The strategy of the proof comes from [3] and the
method is inspired by [9].
Proof of Lemma 3.1. For each , we take open subsets U i (i = 1, 2, 3) in D
2 so that
• zi ∈ U i ,
• U i ∩ U j = ∅ if i 6= j and
• area(U ) = 1− , where U  = U 1 ∪ U 2 ∪ U 3 .
Moreover, we take open subsets W 12 and V

12 of D
2 which are diffeomorphic to a
disc so that
• U 1 ∪ U 2 ⊂W 12 ⊂ V 12 and
• V 12 ∩ U 3 = ∅.
We also take W 23 and V

23 similarly (see Figure 1).
We define ρ : P3 → GD as follows. Note that {σ12, σ22,∆2} is a generating set
of P3. Namely, σ1
2 and σ2
2 generate a free subgroup of P3 and ∆
2 generates the
center Z(P3), i.e., P3 ∼= F2×Z. First, We define ρ(σ12) ∈ GD so that it rotates W12
once and the support of its isotopy is contained in V12. Next, we define ρ(σ2
2) so
that it rotate W23 once and the support of its isotopy is contained in V23. Finally,
we define that ρ(∆
2) = idD2 .
For u = [c] ∈ EHnb (B3), ρ∗ (EΓb ◦ i∗(u)) ∈ EH
n
b (P3) is the cohomology class of
a cochain defined by
(α0, . . . , αn) 7→
∫
X3(D2)
c(γ(ρ(α0), x¯), . . . , γ(ρ(αn), x¯))dx1dx2dx3
for α0, . . . , αn ∈ P3.
We calculate γ(ρ(α), x¯) ∈ P3 for α ∈ P3 and x¯ = (x1, x2, x3) ∈ X3(D2). We
call that x ∈ X3(D2) is an -good point if all of x1, x2 and x3 are in U . Otherwise,
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Figure 1. Open subsets in D2
we call that x¯ is an -bad point. We say that an -good point x¯ is of type (p, q, r)
if U 1 has p points, U

2 has q points and U

3 has r points out of x1, x2 and x3. For
exampe, if x1, x2 ∈ U 1 and x3 ∈ U 3 , then x¯ is of type (2, 0, 1).
We define a homomorphism si : P3 → Z by si(σj2) = δij and si(∆2) = 0 for
1 ≤ i, j ≤ 2, where δij is the Kronecker delta. For γ1, γ2 ∈ P3 and β ∈ B3, we write
γ1 ∼β γ2 if γ1 = βγ2β−1. Let x¯ ∈ X3(D2) be an -good point of type (p, q, r). For
α ∈ P3, depending on the type of x¯, we can calculate γ(ρ(α), x¯) as follows:
(3.1) γ(ρ(α), x¯) ∼β

α type (1, 1, 1),
(∆2)s1(α) type (3, 0, 0) or (2, 1, 0),
(∆2)s2(α) type (0, 0, 3) or (0, 1, 2),
(∆2)s1(α)+s2(α) type (0, 3, 0),
(σ2)s1(α) type (2, 0, 1),
(σ2)s2(α) type (1, 0, 2),
(σ2)s1(α)(∆2)s2(α) type (0, 2, 1),
(∆2)s1(α)(σ2)s2(α) type (1, 2, 0),
where σ denotes σ1 or σ2 and β = β(x¯) ∈ B3 is a braid which only depends on x¯.
This calculation is done as follows. For example, if x¯ is of type (2, 1, 0), γ(ρ(σ1
2), x¯)
is conjugate to the full twist ∆2 since W 12 contains all of tree points x1, x2 and
x3. On the other hand, γ(ρ(σ2
2), x¯) is a trivial braid since W 23 contains only a
single point out of x1, x2 and x3. Thus γ(ρ(α), x¯) is conjugate to (∆
2)s1(α). For
another examlpe, if x¯ is of type (1, 2, 0), γ(ρ(σ1
2), x¯) is conjugate to the full twist
∆2 and γ(ρ(σ2
2), x¯) is conjugate to σ2 since W 23 contains two points out of x1,
x2 and x3. Since ∆
2 is an element of the center Z(P3), γ(ρ(α), x¯) is conjugate to
(∆2)s1(α)(σ2)s2(α). The other cases are calculated similarly.
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Let X(p, q, r) denote the set of -good points in X3(D
2) of type (p, q, r) and Y
denote the set of -bad points. We define cochains cpqr, c

Y ∈ Cnb (P3) by
cpqr(α0, . . . , αn) =
∫
X(p,q,r)
c(γ(ρ(α0), x¯), . . . , γ(ρ(αn), x¯))dx1dx2dx3,
cY (α0, . . . , αn) =
∫
Y
c(γ(ρ(α0), x¯), . . . , γ(ρ(αn), x¯))dx1dx2dx3.
for α0, . . . , αn ∈ P3. Note that
ρ∗ (EΓb ◦ i∗(u)) =
∑
p,q,r
[cpqr] + [c

Y ] ∈ EH
n
b (P3).
For c ∈ Cn(B3) and β ∈ B3, let β.c ∈ Cn(B3) denote a cochain defined by
β.c(γ0, . . . , γn) = c(βγ0β
−1, . . . , βγnβ−1).
for γ0, . . . , γn ∈ B3. If (p, q, r) = (1, 1, 1), then
c111(α0, . . . , αn) =
∫
X(1,1,1)
c(β(x¯)α0β(x¯)
−1, . . . , β(x¯)αnβ(x¯)−1)dx1dx2dx3
=
∑
β∈B3
vol
({x¯ ∈ X3(D2) | β(x¯) = β})β.c(α0, . . . , αn).
for α0, . . . , αn ∈ P3. Since [β.c] = [c] = u for any β ∈ B3,
[c111] = vol(X(1, 1, 1)) · i∗(u) = 3! · area(U 1) area(U 2) area(U 3) · i∗(u).
If (p, q, r) 6= (1, 1, 1), by (3.1), the homomorphism γ(ρ(·), x¯) : P3 → P3 path
through Z2 by s = (s1, s2) : P3 → Z2. Hence [cpqr] ∈ EH
n
b (P3) is a pull back s
∗(v)
of some v ∈ EHnb (Z2). Since Z2 is amenable, EH
n
b (Z2) = 0 and thus [cpqr] = 0.
By the definition of cY ,
|cY (w0, . . . , wn)| ≤ vol(Y )‖c‖∞.
Since vol(Y ) = vol(X3(D
2))−vol(U ×U ×U ) = 1−(1−)3, lim→+0 ‖[cY ]‖ = 0.
Therefore, by setting Λ = lim→+0 3! · area(U 1) area(U 2) area(U 3),
lim
→+0
‖ρ∗ (EΓb ◦ i∗(u))− Λ · i∗(u)‖ = 0. 
Remark 3.2. We can also define EΓ
Z
b : EH
n
b (Pm/Z(Pm))→ EH
n
b (GD). Let iZ : Pm/Z(Pm)→
Bm/Z(Bm) denote the map induced by i. Then we can prove the injectivity of
EΓ
Z
b ◦ (iZ)∗ : EH
n
b (B3/Z(B3)) → EH
n
b (GD) similarly since the map ρ in Lemma
3.1 path through P3/Z(P3). Corollary 1.2 also follows from this injectivity.
4. For the case of S2 and T 2
Let Σ be S2 or T 2 and Ω be the (normalized) standard area form on Σ. We
set G = DiffΩ(Σ)0 and fix a base point z¯ ∈ Xm(Σ). For an isotopy {gt}0≤t≤1
of g ∈ G and x¯ ∈ Xm(Σ), we can define a loop l({gt}, x¯) : [0, 1] → Xm(Σ) as
in the case of the disk. Let γ({gt}, x¯) denote an element of pi1(Xm(Σ), z¯) ∼=
Pm(Σ) represented by the loop l({gt}, x). In general, γ({gt}, x¯) depends on the
choice of an isotopy. Although γ({gt}, x¯) is determined up to center since the
image of the map e∗z¯ : pi1(G, idΣ) → pi1(Xm(Σ), z¯) induced by the evaluation map
ez¯ : G → Xm(Σ) is contained in the center Z(Pm(Σ)). Thus it defines an element
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of Pm(Σ)/Z(Pm(Σ)) and we write this element as γ(g, x¯). In this way, we can de-
fine the map Γ̂Z : Cn(Pm(Σ)/Z(Pm(Σ)))→ Cn(G) as in the case of the disc and it
induces the map EΓ
Z
b : EH
n
b (Pm(Σ)/Z(Pm(Σ)))→ EH
n
b (G).
4.1. S2 case. There is a projection Bm → Bm(S2) and δi denote the image of
σi by this projection. It is known that the kernel of this projection is normally
generated by σ1σ2 · · ·σm−2σ2m−1σm−2 · · ·σ2σ1. The natural map Xm−1(D2) →
Xm(S
2) induces the map Pm−1 → Pm(S2) and it is known to be surjective.
We consider in particular the case m = 4. We define the half twist of three
strands ξ3 = (δ1δ2)δ1 ∈ B4(S2) and four strands ξ4 = (δ1δ2δ3)(δ1δ2)δ1 ∈ B4(S2).
Note that (δ2δ3δ2)
2 = (ξ3)
−2. We can see that (ξ3)2 and (ξ4)2 are in the center
Z(P4(S
2)). Note that P4(S
2)/Z(P4(S
2)) is isomorphic to a free group of rank 2
and generated by δ1
2 and δ2
2. See [1, 6, 12] for more details.
Lemma 4.1. There exist a famlly of homomorphism {ρ : P4(S2)/Z(P4(S2)) →
G}0<<1 and a constant Λ > 0 such that
lim
→+0
‖ρ∗ (EΓ
Z
b ◦ (iZ)∗(u))− Λ · (iZ)∗(u)‖ = 0
for any u ∈ EHnb (B4(S2)/Z(B4(S2))).
Proof. For each , we take open subsets U i (i = 1, 2, 3, 4) in S
2 so that
• zi ∈ U i ,
• U i ∩ U j = ∅ if i 6= j and
• area(U ) = 1− , where U  = U 1 ∪ U 2 ∪ U 3 ∪ U 4 .
Moreover, we take open subsets W 12 and V

12 of S
2 which are diffeomorphic to a
disc so that
• U 1 ∪ U 2 ⊂W 12 ⊂ V 12,
• V 12 ∩ U 3 = ∅ and
• V 12 ∩ U 4 = ∅.
We also takeW 23 and V

23 similarly (see Figure 2). We define ρ : P4(S
2)/Z(P4(S
2))→
G as in the case of the disc for generators δ12 and δ22 of P4(S2)/Z(P4(S2)). We
also define s1, s2 : P4(S
2)/Z(P4(S
2))→ Z as in the proof of Lemma 3.1.
We calculate γ(ρ(α), x¯) ∈ P4(S2)/Z(P4(S2)) for α ∈ P4(S2)/Z(P4(S2)) and
x¯ ∈ X4(S2). We call that x¯ = (x1, x2, x3, x4) ∈ X4(S2) is an -good point if all of
x1, x2, x3 and x4 are in U
. We say that an -good point x¯ is of type (p, q, r, s) if
U 1 has p points, U

2 has q points, U

3 has r points and U

4 has s points out of x1,
x2, x3 and x4.
Let X(p, q, r, s) denotes the set of -good points x¯ is of type (p, q, r, s). We define
a cochain cpqrs ∈ Cnb (P4(S2)/Z(P4(S2))) by
cpqrs(α0, . . . , αn) =
∫
X(p,q,r,s)
c(γ(ρ(α0), x¯), . . . , γ(ρ(αn), x¯))dx1dx2dx3dx4
for α0, . . . , αn ∈ P4(S2)/Z(P4(S2)). In order for [cpqrs] to be non-zero, by a similar
argument in the proof of Lemma 3.1, both W12 and W23 must contain exactly two
points since the full twist of three or four strands is in the center Z(P4(S
2)). Thus,
if (p, q, r, s) is not (1, 1, 1, 1), (0, 2, 0, 2) or (2, 0, 2, 0), then [cpqrs] = 0.
Let x¯ ∈ X4(S2) be an -good point of type (1, 1, 1, 1), (0, 2, 0, 2) or (2, 0, 2, 0).
For γ1, γ2 ∈ P4(S2)/Z(P4(S2)) and β ∈ B4(S2)/Z(B4(S2)), we write γ1 ∼β γ2 if
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Figure 2. Open subsets in S2
γ1 = βγ2β
−1. For α ∈ P4(S2)/Z(P4(S2)),
γ(ρ(α), x¯) ∼β

α type (1, 1, 1, 1),
(δ1
2)s1(α)+s2(α) type (0, 2, 0, 2),
(δ1
2)s1(α)(δ3
2)s2(α) type (2, 0, 2, 0),
where β = β(x¯) ∈ B4(S2)/Z(B4(S2)) is a braid which only depends on x¯. Hence,
we can prove [c0202] = [c

2020] = 0 and
[c1111] = vol(X(1, 1, 1, 1)) · (iZ)∗(u)
by a similar argument as in the proof of Lemma 3.1. Therefore,
lim
→+0
‖ρ∗ (EΓ
Z
b ◦ (iZ)∗(u))− Λ · (iZ)∗(u)‖ = 0
by setting
Λ = lim
→+0
4! · area(U 1) area(U 2) area(U 3) area(U 4). 
4.2. T 2 case. We only mention to the case of two strands. See [2, 12] for more
details. We define a braid a1 so that it moves z1 to the meridian direction and
rotate once and does not move z2. We define a braid b1 so that it moves z1 to the
longitude direction and rotate once and does not move z2. We define a2 and b2
similarly by exchanging the role of z1 and z2. It is known that P2(T
2) ∼= F2 × Z2
and P2(T
2)/Z(P2(T
2)) ∼= F2. Namely, the set {a1, b1} generates P2(T 2)/Z(P2(T 2))
and {a1a2, b1b2} generates Z(P2(T 2)).
Lemma 4.2. There exist a famlly of homomorphism {ρ : P2(T 2)/Z(P2(T 2)) →
G}0<<1 and a constant Λ > 0 such that
lim
→+0
‖ρ∗ (EΓ
Z
b ◦ (iZ)∗(u))− Λ · (iZ)∗(u)‖ = 0
for any u ∈ EHnb (B2(T 2)/Z(B2(T 2))).
Proof. For each , we take open subsets U i (i = 1, 2) in T
2 so that
• zi ∈ U i ,
• U 1 ∩ U 2 = and
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• area(U ) = 1− , where U  = U 1 ∪ U 2 .
Moreover, we take open subsets W a and V

b of T
2 which are diffeomorphic to an
anulus so that
• U 1 ⊂W a ⊂ V a ,
• U 2 ∩ V a = and
• W a and V a contain a meridian.
We also take W b and V

b similarly but to contain a longitude (see Figure 3 and 4).
We define ρ : P2(T
2)/Z(P2(T
2)) → G as follows. We take an isotopy {gta}
which rotates W a once and its support is contained in V

a . For the generator
a1 ∈ P2(T 2)/Z(P2(T 2)), we define ρ(a1) = g1a. We also define ρ(b1) similarly.
We call that x¯ = (x1, x2) ∈ X2(T 2) is an -good point if both x1 and x2 are in
U . We say that an -good point x¯ is of type (p, q) if U 1 has p points and U

2 has q
points out of x1 and x2.
Let x¯ ∈ X2(T 2) be an -good point of type (p, q). We take an isotopy {gta}
defined above. For γ1, γ2 ∈ P2(T 2)/Z(P2(T 2)) and β ∈ B2(T 2)/Z(B2(T 2)), we
write γ1 ∼β γ2 if γ1 = βγ2β−1. Then γ({gta}, x¯) ∈ P2(T 2) is calculated as follows.
γ({gta}, x¯) ∼β

e (p = 0),
a1 (p = 1),
a1a2 (p = 2),
where β = β(x¯) ∈ B2(T 2) is a braid which only depends on x¯. Thus we can see
that γ(ρ(a1), x¯) ∈ P2(T 2)/Z(P2(T 2)) to be
γ(ρ(a1), x¯) ∼β
{
a1 (p = 1),
e (otherwise).
Similarly we can see that
γ(ρ(b1), x¯) ∼β
{
b1 (q = 1),
e (otherwise).
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Hence, for α ∈ P2(T 2)/Z(P2(T 2)), γ(ρ(α), x¯) ∼β α if x¯ is of type (1, 1). By a
similar argument as in the proof of Lemma 3.1, we can prove that
lim
→+0
‖ρ∗ (EΓ
Z
b ◦ (iZ)∗(u))− Λ · (iZ)∗(u)‖ = 0
by setting Λ = lim→+0 2! · area(U 1) area(U 2) 
We can prove Theorem 1.3 by Lemma 4.1 and 4.2 as same as Theorem 1.1.
Proof of Corollary 1.4. SinceB4(S
2) is a non-elementary hyperbolic group [8, Propo-
sition 37], EH
3
b(B4(S
2)) is uncountably infinite-dimensional. Thus EH
3
b(B4(S
2)/Z(B4(S
2)))
is also uncountably infinite-dimensional. Set G = B2(T
2)/Z(B2(T
2)). Then G has
a presentation
G = 〈a, b, c | a2 = b2 = c2 = 1〉
[12, Exercise 6.3]. Since the Cayley graph of G is quasi-isometric to a trivalent tree,
G is a non-elementary hyperbolic group. Hence H3b (G) is uncountably infinite-
dimensional. Therefore, we can prove as same as Corollary 1.2. 
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